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Abstract 

We study the beta functions for four-dimensional conformal gravity using two different 
parametrizations of metric fluctuation, linear split and exponential parametrization. We find 
that after imposing the traceless conditions, the beta functions are the same in four dimensions 
though the dependence on the dimensions are quite different. This indicates the universality of 
these results. We also examine the beta functions in general quadratic theory with the Einstein 
and cosmological terms for exponential parametrization, and find that it leads to results for beta 
functions of dimensionful couplings different from linear split, though the fact that there exists 
nontrivial fixed point remains the same and the fixed points also remain the same. 
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1 Introduction 


It has long been known that Einstein gravity theory with quadratic curvature terms are renor- 
malizable [1]. Early attempts at computing beta functions are made in [2, 3], and the correct 
beta functions for the dimensionless couplings have been obtained by Avramidi and Barvin- 
sky [4]. The theories are shown to be asymptotically free [3]. However it is known that this class 
of theories suffer from the problem of ghosts and cannot give healthy physical theories. Eor this 
reason, the theories are not taken seriously as a candidate of quantum gravity. 

Recently, however, it has been shown that a special class of such theories can be unitary in 
three dimensions. These are called new massive gravity [5]. The classification of all possible uni¬ 
tary theories in three dimensions with quadratic curvature terms is given in [6]. With quadratic 
curvature terms, it is expected that these theories may give unitary and renormalizable quan¬ 
tum gravity. If the unitary theories are also renormalizable, this would be the first example of 
complete theory of quantum gravity although in three dimensions. Unfortunately it turns out 
that the unitarity and renormalizability are just incompatible with each other in this class of 
three-dimensional theories [7, 8, 9]. Given this result, it seems that the only possible way to 
make sense of these theories is to resort to the notion of asymptotic safety [10]-[13]. These are 
those theories which have nontrivial ultraviolet fixed points and could provide consistent UV 
completion of the theories within Wilson’s formulation of renormalization. Asymptotic safety 
may be as predictive as asymptotic freedom. 

In our previous papers [14, 15] we have studied this class of theories in diverse dimensions and 
derived beta functions for the coupling constants in the theories. We have found that there are 
certainly nontrivial fixed points as well as Gaussian fixed points in all dimensions studied, thus 
conhrming and extending earlier results in four dimensions [4, 16]-[23]. We have also studied 
the theories near four dimensions, and found that there is an additional fixed point slightly away 
from four dimensions, but this fixed point disappears just on the dimension four. We suggested 
that this additional hxed point may corresponds to a Weyl-invariant theory because at that 
point the coefficient of the Weyl-non-invariant term vanishes, and the reason that this fixed 
point disappear in D = 4 is attributed to the fact that our approach did not take into account 
the Weyl invariance of the theory at that fixed point; we did not impose that the trace of the 
metric fluctuation vanish. This is all right outside D = A since there is no such invariance, but 
becomes a problem in D = A. However the fixed point value was slightly different from the one 
computed for conformal gravity in earlier paper [17]. It is one of the purposes of this paper to 
further study the fixed points in the conformal theories. 

Another related issue is the gauge- and parametrization-dependence of the hxed points. In 
all attempts at the quantum treatment of gauge theories, we have to hx the gauge, and it is an 
important issue to know if and how the physical result depends on the gauge. In the gravity 
theory, there is also a problem how to parametrize the huctuation around backgrounds. Here 
we also study how our result may change if we use different parametrization of the metric. 
Namely we calculate the beta functions m. D = A theory with Weyl curvature squared together 
with Gauss-Bonnet terms, by imposing the traceless condition. The calculation is done in the 
standard linear split of the metric huctuation: 

9^iu ~ 9^iu + . ( 1 - 1 ) 
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We then find that the result agrees with the earlier one. We also evaluate beta functions in a 
new parametrization of nonlinear exponential type [24]: 

g^lu = 9i,p{e^Yv , ( 1 - 2 ) 

in order to check if this is a universal result. 

There are some advantage of using the latter parametrization; 

(1) The metric in (1.2) is always positive for large fluctuation, whereas this is not true for 
the linear split (1.1). 

(2) It helps to separate the gauge dependence of the obtained results [25]-[28]. 

(3) It turns out that the unphysical singularities which often appear in the flow equations 
can be avoided for the nonlinear parametrization (1.2) [28]. 

It is thus interesting to check the result also in the new parametrization. We find that the 
result does not change for dimensionless couplings, thus confirming the universality of the beta 
functions in this case. However, we find that the beta functions of the dimensionful couplings, 
the Newton constant and cosmological terms, do change. We discuss physical implications of 
these results. 

This paper is organized as follows. In Sec. 2, we present the theory we consider, and summa¬ 
rize our conventions. In Sec. 3, we derive the quadratic part of our action for the linear split (1.1) 
and make gauge fixing. In Sec. 4, we show how the result in Sec. 3 is modified for the nonlinear 
parametrization (1.2). We also discuss the case of Einstein theory with cosmological constant 
and quadratic terms in the curvature in the nonlinear parametrization (1.2). This serves to 
check how the result in our previous paper [15] changes for different parametrization. In Sec. 6, 
we briefly summarize the functional renormalization group equations (FRGE), and then derive 
the beta functions in the above cases in Sec. 7. Sec. 8 is devoted to our conclusions. 


2 The Action 


We consider a theory invariant under the Weyl transformation in four dimensions. The action 
is given by 


S' = y (Yx^—g 
containing two dimensionless couplings A and p. Here 


- -E 
L2A p . 


^2 _ p2 


1 


“ + -R 


is the square of the Weyl tensor and 




( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


is the Gauss-Bonnet combination, which is topological in four dimensions. Nevertheless, we 
should keep this term in discussing renormalization of the theory. 

The action (2.1) is invariant under the Weyl rescaling 


Sfj.i' 



(2.4) 
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with ri a function of spacetime. 

The action (2.1) has the alternative form 


where 


S = 


j aR^ + + -fRl^px 


1 1 

« —- 1 - 

p 6 A 


(3 


4 1 11 

-T’ ~ -^ TY’ 

p A p 2X 


(2.5) 


( 2 . 6 ) 


We use the background field method and split metric into general backgrounds and quantum 
parts, as given in (1.1) and (1.2). The cutoff is constructed in such a way that the flow equation 
is invariant under background transformations, both diffeos. and Weyl transformations. Then 
we have to fix the gauge; we choose the gauge for the quantum Weyl transformations by imposing 
the trace of the metric fluctuation is zero. The final result should not depend on the gauge due 
to the Weyl invariance. 


3 Quadratic expansion of the action in the linear split 


In order to derive the effective action at the one-loop level, or to calculate the one-loop beta 
functions, we need the expansion of the action to second order in This calculation is 

discussed in detail in [15] for linear split (1.1). In this and next three sections, the result is 
presented for any dimensions D, though our main concern in the present paper is T* = 4. 

We hrst summarize the final form for the linear split (1.1), where we have dropped terms 
with linear derivatives acting on the fluctuation and terms with two derivatives acting on a 
background curvature (omitting indices, these are of the form h{VR)'Vh and /i(VV.R)/i; such 
terms do not contribute to the final results, see for example [4, 18]). The terms proportional to 
ce, /3 and 7 can be written in the form [15, 29] 


Olh^ ^ 0 0 9a0^9fiu9a0^ R9v0^ oiS^^ 

{‘2'Rfj,i/ 0 T ‘2‘Rij.u9a0^ T '^R{9fia9i'0 9^iu9a0')^ ^iRo^pPpi, 


~\~2RRpQi90u T Rfii'Ra0 ^ua0^ 




~‘^R^jJiv0^a + T,9a0Rpp^^'^V + Rpav0^ + -:{‘^9pa9u0 ~ 9p.v9a0)R^^'^p^\ ~ 7i^^0^i 


2 ''/3 


+Rpp\vR(/^0 + -^9u0RppRa ~ 9a0Rp.pRi - -^Jpua0R% 

"fh^ V^Vi/Vq,-|- 3Rpau0^ 

—4:Ri_iapu'^^'^0 — ^gupRpp^^'^ a — ‘2'gu0Rpa^ + gpagy0Rp\^^'^^ 
-2gpyRpa\0S/^V^ + 4:Rpa^yVp + 2gypRp\p^Ra^P'^ - 2gypR^^Rppa\ 
RpXppRu^ a + 3Rpa^^Rup0\ - "iR^XypRa^^0 - 3R^Rppyp 

+2RpaRv0 - gpvRa'^"^R0pXa “ pva0R?paXT 


(3.1) 
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Here and in what follows, a bar indicates that the quantity is evaluated on the general back¬ 
ground; the indices are raised, lowered and contracted by the background metric g, the covariant 
derivative V is constructed with the background metric. The tensor J is defined by 




1 _ 


(3.2) 


where 


^fiv,aP — 2^9lJ.a9vp T 9^iP9ya) — i) 


(3.3) 


is the identity in the space of symmetric tensors. We should note that due to the presence of the 
external factors of h, the expression in the square bracket is automatically symmetrized under 
the interchanges g, v, a j3 and (/r, v) {a, j3). 

The BRST transformation for the fields is found to be 


= -JAc^VpC^, = i6XB^, 6 bB^ = 0, (3.4) 

which is nilpotent. Here c^, and B^ are the Faddeev-Popov ghost, anti-ghost and an auxiliary 
field, respectively, and 6\ is an anticommuting parameter. The gauge fixing term and the 
Faddeev-Popov ghost terms are concisely written as 

i^GF+Fp/y/^ = {xv - -By)\/6\ 

= -B^Y^^’^Xu + ic^Y^^^^'D^y,p + bVyVl^)cP + ^B^Y^^'^B, 

- -^XpX^^''Xu + iCpY^^''[9up^ + {‘^b + l)V,Vp + R,py, (3.5) 

where the auxiliary field Bp is integrated out in the last line. Here 

Xp = Y^hxp + bVph, 

Ypu = gpyO + cVpVy - dVuVp. (3.6) 


where a, 6, c and d are gauge parameters. We choose them such that the non-minimal four 
derivative terms YpVyVaYg, gpu^YaYp and ^iz/jV^DVo, cancel. This leads to the choice [18] 


_ 1 4a-|-/3 j _ 2(7 “ 

/3 -|- 47 ’ 4(7 — a )’ /3 -|- 47 


(3.7) 


In order to simplify the gauge-fixing term, we will further choose d = 1. With these choices, the 
ghost operator is 


+ (1 + 26)v^v^ + . (3.8) 

In addition, we also impose the traceless condition on hpy: 

hpf^ = 0. (3.9) 

This does not introduce any ghost contribution, so we can simply impose this. 
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Then, the quadratic terms in the action can be written in the form where 

}C = Kn'^ + DpxVPV^ + W. (3.10) 

The explicit forms of the coefficients are [15] 


{K)pu,afi = [gt^agufi + ■^^^gi.uga0) , 


4qi jS 


(3.11) 


Qi/jjRapXp T ‘^'ygpi/R\aii0 T (/3 T '^'^')gp\Rpav0 (2^ T ^'^')gapgv0Rp\ 

‘^igu^Rpagpx T f^gpugppRax ‘^otgapgpx^pu T “^otgpugpxRap T ‘^igpv^apxp 


a 


^^{.gpagvpgpx gp^gapgpx ‘^gu0gppgax~^‘^gpugapg0x) 
'^‘^'igupgpxRpa T T 'y'jgpagi/pRpx ~^gpuga0Rpx-i 


(3.12) 


{W)pi,^a0 = ‘^igupRp^^''RapXa + ‘^iRpapxRvP^^ “ lRpapxR^v0^ + (/? + ^l)RppXuR^0 

~\~Q'yRpRpa0u T T RpaRuP T O!R(^'^Rpau0 T "^g0uRpa gpvRa0^ 

+OiRpuRa0 + -^ip-R^ + /3-RpA + l^pXaT){gpvgct0 “ ‘^gpoHup) + (^2^ + ^l^gvpRppRa 

-igpuRa^^^"RppXa - f3ga0RppRt - if3 + ‘i'y)gu0R^^Rppax, (3.13) 

where we have dropped terms with two derivatives acting on a background curvature, and the 
symmetrization a -H- /3 and p, v and (/i, v) -H- (a, /3) should be understood. 

To impose the gauge condition (3.9), we should multiply the projection operator 


1 


(3.14) 


Rpu,a0 ) 


Ppu,a0 — ^pu,a0 j^gpugap- 

After this, the above kinetic operators are transformed into 

B + A'y 

{K)pu,a0 = {PKP)p.,a0 = ^ ^ 

i,Ppx)pi/,a0 — {PPpxP)pu,a0 j 
{W)p,,a0 = {PWP)p,^^0. 

As a final step, we factorize the tensor K in the operator JC. Since the projector P in (3.14) 
plays the role of the identity matrix, we find 

IC = K'H ; 71 = 0^ PVpxV^V^+ U, (3.16) 


(3.15) 


where 


^pA = 


-D 


/3 + 47 "" ^8 + 47 ' 

The form of the coefficients IpA and U and their traces are reported in appendix A.l. 


U = 


-W. 


(3.17) 
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4 Quadratic expansion of the action for conformal theory in the 
nonlinear exponential parametrization 

If we use the exponential type parametrization for the fluctuation (1.2), we find that the 
quadratic terms are slightly different. We can easily derive the difference by noting that (1.2) 
gives 

9fj,u — 9iJ,u + ~hfj^xh y , (^-f) 

^ ^ ^ _ (4 2) 

Thus if we restrict our attention only to the second order terms, they are generated from the 
linear term in the expansion of the action, which is 

+ -/{^Rlupxh - (4.3) 

up to terms which do not contribute to our results. These terms generate second order terms 
by the replacement 

hpy y —hfj^xh y. (4.4:) 

This does not affect K in (3.11) and Dpx in (3.12), but modifies W in (3.13) to 

{W)py^al3 = RapXa + ^iRpapxRv^^^ “ iRpapxR^u/3^ + (/3 + ^l)RppXvR^p 

~\~G'yRpRpal3u T T RpaRufi T ^R{^J^Rp,oiuP T '^9PuRpa 9puRap^ 

+(xRfj,yRap + gi^R^ + (^RpX + l^pX(jT)9pv9ap + + ^l^gupRppRa 

-'ygpuRa^^'^RppXa - l3gapRppRt - 2(/3 + 2'^)gypR'^^Rppax, (4.5) 

Note that the additional terms are proportional to the field equation because the variation of 
the linear term gives precisely the field equation. After imposing the gauge condition (3.9), by 
multiplying the projector (3.14), we get modified U which is given in appendix A.2. 


5 Quadratic expansion of the action with Einstein and cosmo¬ 
logical terms in the nonlinear exponential parametrization 


Here let us consider the action 
S = ' 


j d^xx/^ -^{R — 2A) + aR^ + fdRf^y + jRf^ypx 


(5.1) 


We use the exponential parametrization (1.2) in order to see if the result changes from when we 
use the linear split (1.1) [15]. In this case, our K remains the same as (3.11), but we do not have 
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projection. This gives the same Dpx as in our previous paper [15] and modifies W in (3.13) to 

px')IJ,u,al3 ‘^'19vl3^ap\p, T 9pv^Xapfi T {P T ‘^'^')9pX^^pauP (2/3 + ‘^'y')9ctp9i'P^pX 

‘^'19vP^pa9pX T f^9pi^9Pp^aX ‘^Cy.9ap9pX^pu T ‘^0!9pi/9pX^aP T ‘^19puRapXP 

T ^^2 ) {9pa9up9pX 9pi'9ap9px ‘^9i'P9pp9aX T ‘^9pv9ap9px) 

~^‘^'19up9pX^pa T T 'y^9poi9uP^pX ~^9pv9apRpXi (^-2) 

{W)pu^aP = -jigvpRp^^"^RapXa + ^iRpapxRuP^^ “ iRpapxR^vP^ + (/3 + ^l)RppXvR^(J'P 

R^pRpaPu T T 'y^ RpaRuP T i^R T ^^2 ) (^^R^^OLl'P 3” '^gpyRpcx gpi^RaP^ 

+aRpuRap + - {^ai^ + l3i^pX + 'jR^Xar + ^(-^ “ ‘^R)^9pugaP — l3gapRppR^ 

+ (^/3 + 4:'y^gupRppR^ - igpuRa^^""RppXa - (2/3 + ^'y)gypR^^Rppax- (5.3) 

We get modified U which is given in appendix A.3. We see that the result becomes simpler than 
the other parametrization [15]. 

We are now ready to discuss the beta functions in the renormalization group (RG) equation. 


6 Derivation of beta functions from functional renormalization 
group equation 


In the Wilsonian RG, we consider the effective action T^ describing physical phenomena at 
momentum scale k, which can be regarded as the lower limit of the functional integration and 
the infrared cutoff. The dependence of the effective action on k gives the RG flow, which can 
be written as a FRGE [11] having on the r.h.s. a trace of functions of the kinetic operators. 

Up to this point, we have considered the action in Minkowski space. In the following deriva¬ 
tion of beta functions, we make Euclideanization. 

In our quadratic action, we have the three operators: R acting on the graviton hp^,, the 
ghost operator A^/j and the third ghost operator . Let us choose cutoffs for the graviton, 
ghost and third ghost to be functions of these operators, respectively: KR^iTL) for the graviton, 
Rki^gh) for the ghosts and Rk(Y) for the third ghost. The FRGE says that 


r. = iTr^-Tr^#4 

2 Pkin) PkiAgh) 


- ^Tr^, 

2 Pk{Y) 


( 6 . 1 ) 


where we define Pk{z) = z + Rk{z), and the dot represents the derivative with respect to In A:. 
One can obtain the beta functions of a, /3, 7 by calculating the terms in the r.h.s. proportional 
to f dx^R^, f dxy/gRpuR^'' and / dx^Rpyp^R^’'^'"■ 

We can compute the r.h.s. using the following general formulas for the trace of a function 
of an operator. Galling W the Laplace transform of W, we have for a differential operator of 
order p m D dimensions: 




dse“^""lU(s) = / dsW{s) Tie 


f 




TV[IU(A)] 





^ /•OO D 2 ^ 

= yB2n{A) dsW{s)s-l^+^ =yB2n{A)Qi^{W), ( 6 . 2 ) 

n =0 -^0 n =0 

where B 2 n are the coefficients appearing in the expansion of the heat kernel of the operator 

OO 

Tie-^^ = yB2n{A)s-^+^, (6.3) 

and the Q-functionals are given (for m > 0 ) by 

poo -j poo 

Qm{W)= dsW{s)s-^ = -^ dzz^-^Wiz). (6.4) 

Jo r(m) Jq 

The last form is the more useful one. (It is obtained more easily going from right to left. 
Insert the Laplace expansion of W in the r.h.s., exchange the order of the integrations over s 
and z, and then use the integral representation of the Gamma function.) For m = 0, one has 
Qo(IT) = IT(0). 

With this formula the FRGE, expanded up to terms quadratic in curvature, is 

tk = lB,in)Q (4, {D - 4)/4) - B4{Agh)Q (2, {D - 4)/2) - ^i?4(T)Q (2, {D - 4)/2) . (6.5) 

We have to calculate the Q-functionals Q{p,m) = Qm operator of order p. For 

convenience, we choose the cutoff profile [12] Rk{z) = {k^ — z)9{kP — z), where z is a differential 
operator of order p. Define z = yk^ and then we have 


Rk 

Pk 


{kP — z)9{kP — z) = kP{l — y)9{l — y), 

( 6 . 6 ) 

pkP9{kP — z) = pkP9{l — y), 

(6.7) 

z + Rk{z) = kP for z < kP, 

( 6 . 8 ) 

p9{l-y). 

(6.9) 


For m > 0, we find 

Q{p, m) 


1 


i 


r(m) 

pkmp rl 

Jo 




dyy’^-'pOil - y) 


Pk{z) r(m) Jq 


, m -1 

-ri \ I dyy = FT—m' 
I (w-j Jo I (m + 1 ) 


( 6 . 10 ) 


Next we list the necessary heat kernel coefficients. From [30], we have 
1 r(D/4) 


B^m) = 


(47r)^/2 2F((D-2)/2) 




d^xtr 


— Rlxar - —Plx + —P^ + 

90 90 36 6 P 


D-2 


U - 


1 


6(D - 2) 


{2RpxVP^ - RVPp) + 


1 


4(D2 - 4) 


{VPpV^x + 2VpxVP^)\,{Q.ll) 


where 1 is the identity defined in (3.3) and lZp\ is the commutator of the covariant derivatives 
acting on the tensor /i“^: lZp\ = [Vp, Va]. Gollecting, we find 


Ba{H) = 


r(D/4) 


(47r)^/2 2F((D-2)/2) 


/' 


d^x 


d 2 


{D-l){D + 2) D + 2 


180 


6 


2^1 12 Di 


D-2 D2 - 4 
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( 6 . 12 ) 


,2 ({D-l){D + 2) 2 A 2 Cl I 2 D 2 \ 

V 180 D-2^ 3{D - 2) D^-Aj 

,2 / (ii-i)(ii+2) _ 2^3 _Bi_ 12 ZI 3 y 

V 72 D-2^ G{D-2) 3{D - 2) ^ D"^ - Aj ' 


where the constants Ai,Bi,Ci and Di are defined in appendix A. Note that because we take 
the trace over the traceless symmetric tensor space, we have to use tr(i) = ^ which is 

one of the differences from the case in [15]. 

From [31], we have for the Euclidean operator 


A~ CTy V ly + Rfiui 


(6.13) 


with cry = 1 - 2 ^^, 


B,{Y) = 


d^Xy/Yg 




Z) - 16+ (1 - cry)'‘2° 2 

180 


H - 91 + (1 - ay)— , A* - 13 + (1 - CJy)^ - 


180 




72 




, (6.14) 


whereas for the Euclidean ghost operator 


^ghflU A~ O'gS/y Rgut 

with ag = -(1 + 2 b) = -(l + , 


(6.15) 


E>- 16 + (l-cjg)^2° - 

- K 


180 


^vpX 


J d x^g 

A - a / 

1—- 4).| - 2«(Z) + 2)(D + 58).^ 


180Z1(E>2 _ 4^ag 

+ {D + 2){D‘^ + 118E> + 720)ag - lAAOD 
+ (1 - ag)^/2{(E>^ - 9111^ + 596112 _ _ 1440 )^^ + 144011}) R 

^ ^— (^D{D^ -A)a^g-2D{D+ 2){D+ 10)a^g 


2 

gu 


+ 




72D{D^ - A)ag 
+ {D + 2)(Z12 + 22D + 144)o-g - 576 

+ (1 - ag)^/2|(^4 ^ ^^^3 _ 28£)2 ^ 5271 - 288)ag + 576})i?' 


(6.16) 


The B 4 agree with the formulas in [18] for 71 = 4, but the dependence on D is more complicated 
than appears there. 

Substituting the heat kernel coefficients in Eq. (6.5), and extracting the coefficients of R?, 
RgyR^'^, and RgypaR^'^^'^, we obtain the beta functions of a, /3 and 7. It turns out that the 
scalar curvature squared R^ is absent, so our result is consistent with conformal invariance. 


7 Beta functions in four dimensions 

In this section, we summarize our results for beta functions in four dimensions. 
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7.1 Conformal gravity in the linear split 


In four dimensions, the couplings a and (3 (or equivalently A and p) are all dimensionless. We 
define 


e 


A 

? 

P 


(7.1) 


and consider beta functions for the couplings. For D = A and linear parametrization in Sec. 3, 
we have the traces in A.l. Using these results in the formulae in Sec. 4, we find 


/3a 

/3p 

in agreement with [17]. We also find 


_1 199 2 

(47r)2 15 ’ 

1 87 2 

(47r)2 20^ ’ 


1 261 - 7966» 

-60-^ 


(7.2) 


(7.3) 


The fixed point of 0 is 0* = = 0.32789. The hxed point value that we found in our previous 

paper [15] as a candidate for four-dimensional conformal theory is 0 = 0.325296. As we will 
see, this value itself is closer to the fixed point in gravity theory without conformal invariance. 
It seems that the main difference comes from the difference in the contribution of the identity 
operator noted below Eq. (6.12). This in turn means the difference in the contribution of the 
trace part of h^y. 


7.2 Conformal theory in the exponential parametrization 


On the other hand, it is interesting to check how the results change if we use the nonlinear expo¬ 
nential parametrization in Sec. 4. The trace of U drastically simplifies as given in appendix A.2. 
We hnd beta functions for these coefficients for H = 4: 


/3a = 
/3p = 


1 




(47r)2 15 
1 87 2 

(47r)2 20^ ’ 

1 261 - 7960 


(47r) 


60 


A, 


(7.4) 


To somewhat our surprise, we find that these results agree with the above beta functions with 
the separate parametrization even though the traces of V and U are so different. 


7.3 Quadratic theory with the Einstein and cosmological terms 

We have also examined the beta functions in the presence of Einstein and cosmological terms in 
the exponential parametrization. We use the couplings A = A/A;^, G = GkP'. The results for the 
traces are summarized in appendix A.3. In this case, we find that if we set the scalar curvature 
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squared to zero from the outset in the action (2.1), we get singular beta functions. So we 
first set the coefficients in the action (2.5) as 


We also define 


1 1 1 o 

a —-7 + 

p ^ 6A 


4 1 11 

~p~\' 


(P-l)A 

U 


We obtain results that should be compared with those in our previous paper [15]. 
The beta functions are found to be 


/3a 

/3p 

Hi 

Hui 


He 


_1 133 2 

(dvr)^ 10 ’ 

1 196 2 

“ (47r)2 45 ^ ’ 

1 5(l + 12w + 8a;2)^2 

“( 4 ^ 4^2 ^ ’ 

_1 25 + 1098a; + 200a;^ 

(47r)2 60 

1 7(56 - 1716») 

(47r)2 90 ’ 


(7.5) 


(7.6) 


(7.7) 


We find that these agree with the results in Ref. [15]. The hxed points of A and 6 are A* = 0 
and 0* = ^ = 0.3275, respectively. 

We also have the beta functions for the Newton and cosmological constants. For simplicity 
we omit tildes on these. 


^ . 3 + 34a; + dOa;^ ^ ^ 171 + 298a; + 1520;^ + IQoj^ ^ ^ 

Ba = -2Ah-^-AA-^^- GA 

12(47r)2a; 367r(l+a;) 

283 + 664a; + 204a;^ - 128a;^ - 32a;^ 1 + lOo; 1 + 20a;^ 2 

1447r(l+a;)^ 4(47r)2a; 64(47r)3a;^G ’ 

^ ^ 5 - 26a; - dOa;^ ^ ^ 171 + 298a; + 1520;^ + 160;^ . 

Hg = 2G- ——2 -AG- n ^ ^ ^ • 

12(47r)^a; 367r(l+a;) 


The beta functions for G and A in the linear split (1.1) were found to be [15] 

Ha 


„ , 1 + 86a; + dOa;^ , , 171 + 298a; + 1520 ;^ + 160 ;^ ^, 

-2A H--AA-^-GA 


12(47r)2a; 


367r(l + a;) 


283 + 664a; + 2040;^ - 128a;3 - 32a;^ ^ 1 + lOo; , 

+--G - -TWW75-A + 


1 + 20a;^ 


Hg = 


1447 r(l+a;)^ 4(47r)2a; 64 ( 47 r)^a;^G 

3 + 26a; - 40 a ;2 ^ ^ 171 + 298 a; + 1520 ;^ + 16 a ;3 „ 

2 G-7—-AG-^^, 


A^ 


12(47r)2a; 


367r(l + a;) 


(7.8) 


(7.9) 


Thus we hnd that the beta functions for dimensionful couplings are different though those 
for the dimensionless couplings remain the same. This suggests the universality of the latter 
beta functions. We can also see that only the second terms of both the beta functions for G and 
A are different, but these terms vanish at the fixed point of A* = 0, so the fixed points are not 
affected by the difference. This suggests that our results are parametrization independent. For 
a picture of the flow in the A-G plane, see [15]. 
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8 Conclusions 


In this paper, we have studied the beta functions for conformal gravity in the linear split and 
exponential parametrization of the metric fluctuation and found that they agree with each other. 
This is an indication that these results are universal. This study was partly motivated by our 
study of fixed points in Einstein theory with cosmological and quadratic curvature terms [15] 
where we find an extra fixed point in addition to those already known. We conjectured that 
this might correspond to conformal gravity in four dimensions because the coefficient | for the 
scalar curvature squared vanishes at the fixed point. However, our analysis indicates that this 
does not seem to be the case since the fixed point value are different for the conformal gravity 
independently of the parametrization. The contribution from the trace modes of the metric 
seems to make the crucial difference. 

To check the parametrization dependence of this approach, we have also examined the beta 
functions for the Einstein theory with cosmological constant and quadratic terms. We have found 
that the beta functions for dimensionless couplings are the same, but those for dimensionful 
couplings are slightly different. This suggests again that the beta functions for dimensionless 
couplings are universal, but those for dimensionful couplings are not. However, we hnd that the 
fixed points are same because the difference disappears at the fixed point. These are physically 
reasonable results. 

As mentioned in the introduction, there is an issue of gauge-dependence in these results. 
It would be very interesting to study the gauge and parametrization independence and other 
issues, to which we hope to return in a separate publication [32]. 
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A U, V and their traces 


A.l Linear split 


The tensors U and V are given in (3.17) for the case of linear split (1.1) after the traceless 
projector (3.14) is multiplied. The explicit form of U is given by 


U = 


/3 -I- 47 


1 


-riaR -7 /3Rpx + lRp\o 




T»2 


Oi =. 


‘^dalsRfj.u ‘^9fJ,i'Ra/3^R ^^RpaufiR 2 


3/3 + 27 


D 


2D 

13 


Qa^RfipRu ( 2 ^ j RpaRufi 


+otRpyRaj3 + ^ 2 ^ 3- 3')^gupRp.pRa + R^^Rpp.Xv9ap ~ (/3 + 3'y)g^i^Rf’^Rppax 


+^lRpRpal3y + 3'yRpap\Rup^^ “ -J^19apRpp\aRv'’^'' “ iRpapxR'^ 

+ (/3 + 57)RppXuR^a^/3 + RapXcr ~ -j^19pvRa^^^RjipXa ■ 


(A.l) 
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The expression for = {Vf’^)^y^ai3 is 


20 


where 



2 = 1 


9^ 9 ^[u^^)oL1 


k4 — byp^^R^a, 

— 9^ai 

k 6 = W/3^''^ k7 = + 

S^p^R^^ua), 


kg = 9vpR[a.^ +)i kio = R^iu 

+ 6^,yP^Rap), 

II 

kl 2 — 9a0Rfj,^ V) ki 3 = g^v9^ Ra.pi 

kl4 — 9ap9^ Rfii/i 

■ = S.+t+'’Jy 

ki 6 = gapb^(^Ryp ki7 = 

kl 8 — 9a^^fiy^ ; 

1 — 9^j.u9aP9^ 1 

kgo — 9^v9apR^ 1 



(A.2) 


(A.3) 


and 


cx - - B 

bi = - 27 , 62 = 53 = /3 + 37 , 64 = 27 , 65 = -aR, 65 = -^ + 7> 


hj = - 47 , 

a — 13 — 'y 


= -2/3 - 47 , bg = - 27 , 610 = -20, 611 = — 7 , 


bu = 


^13 = 


D 


614 — 


a — 13 — ^ 


2/3 


2/3 


Z? 


2 a - 

^15 = -jj, biQ = — , 617 = 6 i8 = -jjR^ 


-(T> + 6 )a + 2(/3 + 7 ) - 
^19 -- ^2 - 


(I) + 4) z)_4 

b20 = -^ 7^/3 - 77 ^ 7 - 


2 Z?2 


D 2 


(A.4) 


In deriving this result, one has to pay special attention to the symmetry (a,/3). 

The following results are obtained using software Math Tensor run on the Mathematica. It 
is important to realize that the indices are symmetrized. For example, the indices p and A on 
V must be symmetrized in making products. 

The trace of [/ is given as 


tr[/ = + AsR^ 


where 

— 247 + 2(3/3 + 137 ) 1 ? + 

^ ^ 2Z?(/3 + 47 ) ’ 

^ _ -24/3 + 2(4a + 5/3 + 12j)D + 5/30^ - 

^ ~ 2D{/3 + 47 ) 

—24a + 2(3a + /3 + 2^)D + 5aD^ — aD^ 

^ ^ 2Z?(/3 + 47 ) ■ 


For D = 4, these reduce to 


Ai — 3, A 2 


4(a + /3 + 37 ) 
/3 + 47 


^3 


2a + /3 + 27 
/3 + 47 


(A.5) 


(A.6) 


(A.7) 


14 













Next, 


with 

Bi = 
For D = A, 

Next, 


with 


Cl = 
C 2 = 


tr (yPR) = BiR^, 

{D + 2){D{D - 1){D - 2)a + -7D + 4)/3 - 2{D^ + 2D + 4)7} 

D{^ + 47 ) ■ 

^ 12(3a - /3 - 77) 

- JTT^ -■ 

tr (VCr^^) = CiRl, + C2R\ 

8(/3 - 27) - 2(4a + 3/3 + 67)7? - (3/3 + 27)732 + (/3 + 2^)D^ 

D{P + 47) 

4(3a — /3 — 7 ) — 2(2q; + /3 + 3j)D — (a + 47)732 + aD^ 


(A.8) 

(A.9) 

(A.IO) 

(A.ll) 


For D = A, 

Finally 

where 

731 = 

732 = 


73(/3 + 47) 


^ 8(-a + 7) ^ 11a - 3/3 - 237 


+ 47 


/3 + 47 


^tr + ^tr (F^.F^^) = 73i7i2^^, + D^Rl, + D,R\ 

732(73 + 2)/32 + 273(73 + 2)(373 + 4)/37 + (973^ + 48732 + 6473 - 64)72 


(A.12) 

(A.13) 

(A.14) 


1 


473(^8 + 47)2 

873^(73 + l)a2 + 32D{-D^ + 73 + 4)07 + 16(732 + 73 - A)DaP 


12732(^ + 47)2 

+4(73 + 2) (7733 5^2 _ (-3^4 5^3 3q^ 2 ^g^ 32)^2 

+4(73^ + 1473^^ + 3073^ + 2732 _ gg^ 32)^2 ^ 

= 24g^(g + 4 t)2 + °* - 

+2(73® - 73^ - 273^ - 20732 - 2473 + 96)a/3 

-4(73® + 273^ - 873^ - 32732 3275 _ 8)('+)2 ^ g^ _ 321^2 

-4(73 + 2 ){ D ^ + 8732 _ 4(7)4 ^77^3 28 D ^ + 473 - 64)72]. (A.15) 


For D = A, 


2(20a2 + 8a/3 + 13/32 - 807 + 96/37 + 18672) 
3(/3 + 47)2 ^ 

43a2 + lOa/3 — 7/32 _ 450,^, _ 66/37 “ IO972 


73i = 6, 732 = 

D3 = 


6(/3 + 47)2 

These results for quadratic curvature terms agree with those in [17]. 


(A.16) 
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A.2 Nonlinear exponential parametrization 


When we use the exponential parametrization (1.2), the tensor V is the same as the linear split, 
but the tensor W changes to (4.5). The tensor U, after the projection by (3.14), is then given 
by 


U = 


a 


^ 4 ^ + PRpX + lRp\crTj9^ly9af} + 97 -) {D9f}uR^ia '^9al3Riiu 


2D 

^9lJ,vRais')R T ~^Rfj,aul3R 2 — 9alsR^pRu T ( T ^ 4” (^RpuRajS 


+ 


(3 + A'y^Qi^pRppR^ -\—^ R^^RpfiXu9a^ — 2(/3 + ‘2j)gui3R^^RppaX 


+6-fR''pRpal3u + ^lRpap\Ru0^^ “ ■j^l9apRppXaRu^^'" “ iRpapxR^u^^ 
+ (/3 + 5'y)RppXuR^a^^ + ^(jt^lsRp^^"RapXa ~ -J^19puRa^^^RfSpXo 


(A.17) 


The trace is given as 


tru = = AiRl^p,^ + A 2 RI, + AsR^, 

where 

_ -87 + (3/3 + 107)11 + 7 !!^ 

' “ Z)(/3 + 47) ’ 

-8/3 + 2(2a +/3 + 67)11 +/3Zl2 
' “ 71(/3 + 47) 

— 8 a + (/3 + 27)11 + aH^ 

' = Z1(/3 + 47) • 


(A.18) 


(A.19) 


Note that these are quite different from the corresponding ones (A. 6 ) in the linear split where 
they contain cubic terms in dimension D. Nevertheless, it turns out that they agree with those 
in the linear split in four dimensions: 


Ai — 3, A 2 


4(a + /3 + 37 ) 
/3 + 47 


^3 


2a + /3 + 27 
/3 + 47 


The rest of the traces of V are the same as in the previous subsection A.l. 


(A.20) 


A.3 Nonlinear exponential parametrization in Einstein-qnadratic theory 

Here we consider the theory with quadratic curvature terms and the Einstein and cosmological 
terms, as considered in our previous paper [15]. We use the exponential parametrization (1.2). 
In this case, we do not impose the traceless condition, and we simply use 

- a-g^.r’’), (A.21) 

with 

0 = S = 4(7-a) + Il(4a + /3). (A.22) 
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After some work we find 




/? + 47 


7;19upR^l^^'^RapXa “ iR^ap^Rxv^p + ‘^iRpapxRu^'^^ 


~^7{RpR(7auj3 + RaR(TpPv) + RpaRiyf^ — '^9apRppXaRu^^° 


+ 


\ 

5 


A 2 9pi'9a9 ( 2 ^ ) i.Rpai/0 A 9ufiRpa 9afiRpv) 


P + ^1^9upRpaRa + (/5 + ^l)RppXvR^fi “ ^9a0RpuRl 


- 251 


— ‘^^'i{'19pvRapXaRl3^^^ + f^gpvRaaR^^) + (xRpvRap ~ 
+2a5l3^^5^i,^Q,/3 - -^{R - ^R)^gpugai3 - 2(^ + 2'^)gypRP^R^pax 


where we have defined 


1 


S — aR + PRpu + iRpupX^—^{R — 2A) 


and 


10a + 3/3 + 27 3a + /3 + 7 

“1 —--) “3 —-r;-) 


(A.23) 


(A.24) 


(A.25) 


with S given in (A. 22 ). 

The trace of U is given as 


R 


tr U = <5 ^"’“^„/3 = AiRI,^^ + A 2 RI, + A^R^ + + A 


A 


O I -^5 0 5 


(A.26) 


where 

= 

A 2 = 

^3 = 

A. = 


1 


(/3 + 47)S L 


(/3 + 47)S L 


1 


(/3 + 47)S L 


12(D - l)a/3 + 2(2T)2 + 17+) _ 28)a7 + 311/32 + (D^ + lOH + 4)/3j 
+6(11 + 4)72 , 

16(11 - l)a2 + 2(2I12 + 311 - 12)a/3 + 16(311 - 2)a7 
+(ll2 + 211 - 8)/32 + 2(911 - 4)/37 + 4872], 

2(2112 -3D- 8)a2 + (ll2 + 411 - 12)a/3 + 2(711 - 12)a7 


+(/3 + 27)(ll/3 + 47) 
1 11-2 


[411a + (11 + 2)/3 + 87 ], 


(/3 + 47)S 2 

For the traces of 11, we should use those in our previous paper [15]. 


(A.27) 
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